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Abstract—We address the problem of the performance
analysis of the Stochastic Fair Sharing (SFS) algorithm for depending upon the current usage of different VPNs shar-
fair link sharing. The SFS scheme has been proposed in [1] ing the link. On the contrary, in the scheme proposed in
to carry out a fair link sharing and fair sharing among Vir-  [4], the free capacityannotbe redistributedairly over
tual Private Networks (VPNs). Depending upon the cur- the overloaded classes using the technique of trunk reser-
rent utilization and provisioned capacities of the classes, | 540 although the underloaded classes are given priority
the SFS admission control algorithm decides which SesSIoNs | the overloaded classes while accepting the sessions.

to accept and which to reject. In this paper, we under- le. in thi h hiah . val
take the performance evaluation of the SFS scheme analyti- For example, in this scheme, a high session arrival rate

cally. The main performance measure in our analysis is the May take the residual capacity of all classes.
session blocking E)robapility. In pgrticular, we obtain the The problem of BW allocation to a VPN and a typical
Roberts-Kaufman's [2] like recursion for the SFS scheme |p genyice s significantly different since the dynamism
to compute the blocking probability. We then use linear . . . L

) ; . of these services are different with respect to their time
programming techniques to compute the blocking proba- . . . )
bility from the above recursion. scale of holding times. Typically, a VPN connection re-

' _ quires that a fixed BW is reserved for it for weeks or even

Keywords: Link sharing, SFS, VPN months whereas a typical IP service has a holding time of
just few minutes. This requires a redefinition of the no-
tion of ‘fairness’ as defined by Parekh and Gallager [5].
This has been done in [1] where the notion of fairness is
Link sharing schemes have been proposed to allow thlso extended to the concept of BW reservations.

service providers to lease a part of their physical link to |, general, while studying the performance of systems
independent organizations (through their Virtual Privatghere very complex models are encountered, simulation
Networks (VPNs) [3]). The complete sharing schemgchnigues are successfully employed and sometimes pre-
delivers maximum possible BW (BW) usage efficienCygreq to analysis due to the intractability of such mod-
while the complete partitioning scheme provides ‘faifs|s  However, there is a certain need for analytical re-
ness’. In order to optimally use the BW (BW) capacity of jis when possible to get deeper insight, reduce run-
the physical link and at the same time retain the fairneﬁﬁ]es’ handle very rare events and optimize system per-
to the VPNs of varying session arrival rates, there Wef§rmance. Towards this end, we consider the analyt-
schemes [4], [1] proposed in literature which gave priofgg performance evaluation of SFS scheme which the
?ty to the underloaded VPN’s. I'n the Stochasj[ic Fair Shafork [1] lacks. In this work, we analytically derive the
ing (SFS) scheme proposed in [1], a certain amount Gfcking probability (in terms of the parameters of the
BW s reserved for a VPN of lower normalized BW usaggrs scheme ) for sessions belonging to a class (VPN). It
before accepting a session belonging to a VPN of highgby g analytically give a trade-off between fairmess and

normalized BW usage. In SFS, the unused free capacifificiency of BW usage. The paper is organized as fol-
is fairly redistributed by resizing the capacity allocationg,ys  The SFS scheme is explained briefly in Section
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[I. THE SFSSCHEME FOR LINK SHARING

In this section, we describe the SFS scheme for the case
of sharing in single link. For more details please refer to
[1]. We consider a link of capacit¢’ to be partitioned
into IV logical links (or classes) of provisioned capacities
C;, such thaty" ¥, ¢; < C. We assume that real-time
sessions arrive randomly according to a Poisson process.
BW is reserved upon session arrivals and is released upon
session completion. There is an admission control entity
at the link which decides whether the link has adequate
free capacity to accept the reservation requests of ses-
sions. The session is said to be blocked if the sessiBp. 1. State space diagram for a link
cannot be accepted.

| L.Et IT iI'be f[heTarL]mount ofllcagacny Cu”??tly, usle;_jmtzy aiven time is represented by the current BW reservation
'oglt':a 'E b B € normg |ze_d usa;]gelo i 0?'?‘1 Ib of the two logical links. We assume that the trunk reser-
is given byu; = r;/C;. Consider the logical links be-\ i, ang BW request for both the logical links are the
ing labeled in increasing order of their normalized USame € =ty =t b = by = b). Figure 1 shows the

age. A new session ath class is accepted only if thestate space diagram of the system. The X and Y axes rep-

free capacity after accepting the session 1 gr(_eater t%@ent the current reservation of the first and second logi-
or equgl to the sum of the trgnk reservation W_'th Iowe({al link respectively. The current state of the link can be
_norm_allzed usage. Mathematlc_:ally, a néw session of IOI%'presented by a point in the state space diagram. When
!Cal "]Qk i, with BW requesth; is accepteql if and only a new session on the first logical link is accepted the sys-
If, 2=+ bi + 2ty < C wheret; is thetrunk o 1y6ves 1o the right while upon acceptance of a new
reservaﬂonfor classy. _Th? logical I',nk with t'he' low- _session on the second logical link it moves up. When the
est nor_mahzed usa_ge is given the highest priority Wh'Le ssions of the first or the second logical link complete,
gcceptlng t_he sessions and hence Sees a very IO,W bl% > system moves towards the left or downwards. As long
ing probability. If the normalized usags, of a logical as the total free capacity is greater than the trunk reserva-

It')nll( LIS (;:ose_ 0 itsfair sharedenote: byfi (Idescrlbelzd tiofn, the system may move in any direction (assuming
elow), then it is not necessary to have a large va Y€ Rt the BW requirement of the sessions is small). This

trunk reservation for the logical link. Hence, the trunlérea is denoted bge in the figure. In the region where

reservationt; is set o a static (maximum) trunk r€S€Tthe available capacity is less than the trunk reservation

vation parametet; when the difference between the fallrthe area between the two slant lines), the session of the

;har(: :)f ;!ogff?l link an]fjtlr':s ?jgfrfrent usagel IS Iatrr?e a gst logical link can be accepted only if the current reser-
Is set to this difference If the difference 1Is less than Ig,iqn of the first logical link is less than that of the sec-

_Sl_tr?t'? t.runrl]< resefr\t/rz:\tlcl)n. _ F()IrlmiII% ; mi]n[ti’{i —th']- N ond logical link. Thus the system can move left, right or
€ fairshare ot the fogical ink Is the share It gets W€l n put not upwards. This region is denoted{by In

the free capacity of logical links with lower normalize his region, class 2 session arrivals are prohibited. Sim-

usage is shared by logical links with higher normalizgﬁiarly in the region denoted b§2, the system can move

usage. Itis computed by redistributing the free capauﬁé(ﬂ’ upwards or downwards but not towards the right. In

of Iog|ca(j|wv||nks with Iowf:r normalized usage as followsy, region, class 1 session arrivals are prohibited. We
fi = i (C — 2= (r + tj)). The above expres-

> G define for our convenienc&) 2 Q° U; ;. Naturally, Q2
sion is a natural generalization of the fairness criteria [5rms the set of all allowable states.
used in packet schedulers.

We next use the state space diagram to get a deeper
insight into the behavior of the SFS call admission al- In this section, we evaluate the session blocking prob-
gorithm. Consider a physical link being shared by twability in a VPN. We first use the Markovian models to
‘logical’ links. The state of the (physical) link (as rep-write first the global balance equation and then derive
resented by any point in the state space diagram) at dhg Roberts-Kaufman'’s like recursion for the SFS case.

Reservation of logical link 2

C-t C

Reservation of logical link 1

I1l. A NALYSIS OF THE SFSSCHEME

1265



We then use linear optimization techniques to evaluatgth the coordinate convex policies, where the local bal-
the session blocking probability. ance equation is always satisfied). Hence, the Roberts-
The Model, Assumptions and NotationsVe assume Kaufman’s recursion for SFS is quite difficult to obtain.
that sessions of class arrive according to a PoissonBut, under the assumptions mentioned in the previous
process with parametey, and have exponential hold-section, one can obtain a similar recursion which we will

ing times with meanl/u,. The physical link capac- derive now. We start with the definition,

ity is C' units. We usen to denote the random vec- 9! Dy(4, ) i=C

torn 2 (n1,ne,...,ng) wheren; is the random vari- !

able denoting the number of typesessions using theBl(i) — C—t Di(i,j) C—t<i<C
physical link whereK is the number of classes of traf- J=(int)(G/2.0)

fic handled by the physical link. Denote the stationary 0 otherwise.

probability P(n) of the system in stata = n, i.e., o _ _
P(n) & Pr{n = n}. We useb to denote the BW whereDy(i, j) = Pr{W = i,m = j}. Then, the block-
requirement for the session arrival gth class andb ing probability 3 for a session belonging to the cldsis

R _ C . C .
to denote the vectoby,bs, ...,bx). Definel(i) = 9IVEN by i = ( i:Q*tBk(Z)) /(, i=0 Q(Z))' NOYV’
{njn-b = i} where the notatiom - b is used to de- W€ 9ivé a recursion ig(7) and By(i) such thatB(7)
note the sun"X_, nyby. Let g(i) A Pr{n-b = i} can be computed. This recursion is similar to Roberts-
k=1 DO = b = 1.

) ; . Kaufman'’s recursion. It can be shown that the summing
Finally, we assume a symmetrical system, itge.= ¢

fori = 1,2,..., K. We need the following notation over.{n|n_e F(Z.)} on either side of (1) and after some
manipulations gives,

Il;l— = (nl,...,ni_l,ni+1,ni+1,...,nK), andni_ =

(n1,...,mi_1,m;—1,ni11,...,nx) Define the functions K _ _ K

Aulq(i) = Bi(i)] + p nP(n) =
+ c l l
¢ 0 otherwise K X
=4 b M e o L nTEQ NN~ b) - Beli bty D kP(k) @)
g 0 otherwise 0 otherwise =1 =1 kel (i+b;)
B L ny € QU 4 and Consider, iq(i) — (i + gt + 1) =
ando; (n) = neq .Ul# Qz bZlIil EneF(i) mP(n) — bZlIil ZnEI‘(i+1) n P(n)
0 otherwise where, we have made use of the assumption

Let Em) = YK, Ny (n) + K, nipiy; (n) and 5, =1 for 1 <1< K. Using (2) we have,

H(n) = Ei[;(”i‘f‘ 1)#1'04?(11)13(“?)[{2,6 nyb, <C—b;}" K

One can write the global balance equations for SFS using (i + 1)q(i + 1) = iq(i) + 1/p Y _ A [a(i) — Bi(i)] —
the definitions above as, =1

K
K 1/ N [q(i—1) — By(i —1)] )
Em)P(n) =3 My (0)P(ny) T sop+ H(n) (1) o l

=1 for0 < i < C — 1. The above equation gives the re-

where T, , is the indicator function. It is worth noting CUrsive computation af(i) and.5;(i). Note that, for the
that the link occupancy constitutes an irreducible Markovr S Scheme, the(z + 1) depends not only on(i) and
process with the feasible regishas the state space. Ded(? — 1), but, also onBy(z) and (i — 1). Itis the pres-

note the blocking probability for clagscalls by 3;. We €Nce ofB,(i)’s which prevent the usefulness of the recur-
assume that, = u and b, =1 fori=1,2,..., K in sive relationship. However, we identified that linear opti-

order to make the analysis feasible. mization techniques can be used to compute the blocking
s probabilities 3. In what follows, we arrive at a linear
ptimization problem from the above recursive equation.
We start with the recursive Equation (3) and evaluate it
ri = C — 1 which is given by,

Roberts-Kaufman’s Type Recursion for SHS:thi
subsection, we obtain the Roberts-Kaufman’s like rectft
sion for SFS [2]. It is to be noted that the numbe{O
of connections of type at any time form adependent
Birth-Death (BD) chain in SFS. (This is in sharp contrast Cq(C) = (C—-1+Q)q(C —1)— Qq(C —2)
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-S(C—-1)+S5(C—-2) 4) - C—1-1S(C—3) +
where,@Q = & S/, A andS (i) = 375 M Bi(6). o =
Using the linear equations (fér= 1 throughi = C — Z [ Dj;_o— Dj—l}
2) from (3), one can deduce the following relationship, = DC 3
c-3 . c-3 .
1 o= 220y g - * [I@-1-1sC=i-D+s50 O
i1 C—4 Cc—4 I=j
Cro—2-1 Now, consider the following identity;(C) 4 ¢(C — 1) +
1:[ Do 4 S(C=3) Zj =2 q(4) + q(1) + q(0) = 1 whereq(j) can again be
=1 . written in terms of(1) andg(0) using recursive relations
. Q H (C—2—1)S(C — 4) + 5(0) given by (3) (exploiting only equations with indéxgoing
De—s ;- from ;5 to 1). Now, we have two linear equations involv-
C—3 (C—1—)D;_s—D; ing ¢(1) and ¢(0), namely Equation (7) and the above
+ Y [ J)Ti=2 7 Hi-l identity which can be solved fay(1) andg(0). Thus ob-
j=5 Dc—4 tained values are substituted in (6) to obtain the following
C-4 eguation,
x [[(C—-1-2)8C-j-2) (5) Der_s
=i 0=(C—-1+Q)q(C—-1)— .0:13(0—2'—1)(1(1)Q+
Here, the sequencB®; for &k > 2 is given by, D, = D 2 Cc—4 "
c-1Q°q(0) [ (C—-2-1)
(R—k+ 1+ @Q)Dy-1— QR — k + 2)Dy_» where I i 1) 10,13(0_1._1)@5(0—3)4‘
=R+Q, Dy = (R-1+Q)(R+ Q) — QR and i=1 =1
R = C—3. Note thatS(i) = 0 fori < C'—t. Substituting 028(C )H ,(C—-2-1) QD¢ 4
the value ofy(C — 2) from (5) in (4), we have, N3 -i—1) 1530 —i—1)
Cq(C) = (C -1+ Q)q(C —1) = 8(C —1) — x 3 {(C_ ! _QDH _DH]
Dc-3 d1)Q - QRS(0)Dc—4 J=5 o
e -i-1 (0 i1 H 9SO j—9) - _@S5ODcy
I (C—-i-1) TS —i-1) S(C- 1)+ S(C-2) - Ca(C) ®
HC Yo—-2-1
@so )Hl QEC i 1;+S(C_2)_ i e 21_[D(21+1>}
=1\ T where (1 =1 0) =
QRDc_y Cig |:(C -1 j)DJ?Q - D]1:| pPo- zfg\/[)|:1+z JD]1VMTR q( )
2'0:13(0—2'—1) r De—y o P IL560] \here again
= DNMTR gain,
xH —1-2)S(C —j—2) (6) Pél—Q(C)—Q(C—l) Z?zH]?JJZlH
SG-DIDZG-D  QSG-2) ri—2/.
x 1S5(0) — =1 _, (7 —1
Expressing;(C — 1) in terms ofg(1) andq(0) using [ © Dj-> Dj-2 M=z (G 1)
the linear Equations (3) for= 1 throughi = C — 1, we + 2{2—31 {(j—l+1)[)91j2—D1—1] S(j — l)] (9)
have, i
C— 2 c-3
1 C=2 . Do MAa | a(c-1) + 1L (C_l_l)s(c —2)+
5 L1 (€ =Da(C ~1) = a() 5=~ Qa(0) 2(33 Do
O=3 =1 ¢-3 MS(C —3)—5(0) —
c-3 7 o c-3
e S (LRl 103 (€ — 1 - 1)S(C - j - 110)
De 3 Jj=4 Dc—3 l=j J
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Fig. 2. Blocking Probability for Type 1 Class Fig. 3. Blocking Probability for Type 2 Class

carry out fair link sharing. We developed a fairly accu-
rate model based on the combination of different tech-
niques, namely Markovian models, Roberts-Kaufman re-
cursion and linear optimization. The main performance
measure is the session blocking probability. We found
Now, note that Equation (8) is a function@fC), ¢(C —  that there was a good match between the blocking proba-
1)andBy(i) for 1<i<Kand C-i<i<C. pjlitycomputed from the global balance equation and the
One can now formulate the above problem of finding thgiocking probability estimated from the recursive equa-
variablesq(C' — 1) and B;(z) into an optimization prob- tjon derived in the paper while the computational sav-
lem [6] with the RHS of the equation (8) as the cost fungngs incurred were around 50 %. For reasonably large
tion to be minimized with the following constraints, (i)system (C large and number of classes considered large
q(C) = Bi(C) 1 <1 <K (ii)0 < g(C—1) <1(ii)) a5 against only two considered here), estimating the rare
0<By(i) <1 for 1<I<K and C—t<i<Cand gession blocking probability by simulation is inefficient
(iv) ¢(C—1) > B(C—1) for 1 <I<K. and sometimes impossible. Our work is significant in this
context that the recursive equation can be used in practice
to evaluate the session blocking probability resulting in
We carry out experiments, to check the efficacy of theégnificant computational savings.
recursive equation (3) in terms of computational savings.

For our experiments, we have takén= 3.0, A\ = 3.4, _ _ _
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In this paper, we studied the analytical performance
evaluation of stochastic fair sharing (SFS) scheme to
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